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Abstract

This article pays to prove that the number of times that the projections
from some angles in filtered backprojection image (which are equally
spaced) can be calculated by the surface area of the convex body
and (symplectic) Holmes-Thompson volume in notions of Fourier
transform, Finsler metrics and Minkowski spaces. For this purpose,
these parameters are calculated by the surface area of a convex body
of the corresponding projective spaces and Holmes-Thompson volume
in notions of integral geometry (Radon and Fourier transform), Finsler
Geometry (and Minkowski spaces) and symplectic geometry. This lead
to some correspondence between basic notions of medical imaging
such as the projections from some angles which are equally spaced,
the number of times that the projections from some angles which are
equally spaced, the low image correctness, and the notions of Finsler
geometry.
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1. Introduction

Medical imaging has led to a modern medical revolution in various ways. Many efforts
have been made in this field since 1901 to date, [1-3]. The mathematical concepts of medical
imaging are based on linear integrals and Fourier transforms, followed by the Radon transform,
[4]. In fact, Radon transformation gives us a method for obtaining a Fourier transform of a
function given by a density of its line integral.

On the other hand, many problems in geometry and physics can be easily solved by a
change of viewpoint. For example, if one considers the line, or the plane, instead of the point
as the basic object of geometry, the outlook changes completely. This change in viewpoint
leads naturally to integral geometry. This paper is concerned with some analogy of various
classical formulas from integral geometry and its relation with Finsler geometry and symplectic
geometry.

This deep connection between these three geometries takes place by the type of volume
named as Holmes-Thompson volume [5], which its ties to convex geometry, integral geometry,
and Finsler geometry. The other advantage of working with Holmes-Thompson definition is that
there 1s a remarkably simple formula for the Holmes-Thompson area density of a Minkowski
space in terms of the Fourier transform of its norm [6-8], which is the main object in this

paper.

Section 2 of this paper contains some preliminaries about Minkowski spaces, Finsler
geometry and Integral geometry to cover all the key concepts in its entirety. Section 3, is about
basic medical imaging concepts, too. In the sequel, the application of the triple chain of three
geometries in financial markets has been proposed.

The proposed methodology, results in the calculation of the number of times that the
projections from some angles in filtered backprojection image which are equally spaced in
concepts of the surface area of the convex body and (symplectic) Holmes-Thompson volume
in notions of Fourier transform, Finsler metrics and Minkowski spaces. This fact has been
proved in Theorem 1.

2. Basic Geometric Concepts

Let ¥ be vector space and j :¥ —[0,0) be a norm that is smooth outside the
origin. Set L=j22 and consider the exterior derivative of L, dL, as a map from V' \{0} to
88\ {0} The norm j 1is said to be a Minkowski norm if dL is a diffeomorphism. For any
nonzero vector veV, there is an invertible linear map D(dL)(v):TV —T, V. In fact,

using the natural identification of 7/ with V', and 7,V with V", it may be think of

dL(v)

g (v):=D(dL)(v) as a (symmetric) bilinear form on V': g (v)(W,,w,) = (D(dL)(v)(W,))(W,)
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The norm g is a Minkowski norm if and only if g is positive definite.

When the vector v belongs to the unit sphere, structure g (v) denoted as the osculating
Euclidean structure at v and the ellipsoid E = {\N eV:.g (w,w)= 1}, as the osculating
ellipsoid at v. A smooth hypersurface in a finite-dimensional real vector space V' is said to be
quadratically convex if its osculating quadrics are all ellipsoids. A vector space V' provided
with a norm || such that the unit sphere is quadratically convex is called a Minkowski space.

A Finsler metric on a manifold M is a continuous function defined on its
tangent bundle such that 1is smooth (away from the zero section) and its restriction
to each tangent space is a Minkowski norm, means that the hypersurface is
quadratically convex and encloses the origin, is called a Finsler manifold.

Throughout this chapter, M is a compact manifold and for every m e M and any compact
hypersurface H — T°M , the intersection H (1T"M is a convex hypersurface of enclosing the
origin and in each cotangent space 7'M the intersection H (17°M is a quadratically convex
hypersurface enclosing the origin. In this way;, it can be defined the Holmes-Thompson volume:

The Holmes-Thompson volume of a n-dimensional Finsler manifold (M,j )
, vol (M,j), 1s the symplectic volume of its unit co-disc bundle divided by the
volume of the FEuclidean #n-dimensional wunit ball ves 7, )=$SjMa A(da)"!
, where e i1s the volume of the Euclidean wunit ball of dimension 7.

If K 1s a convex body, then it admits at least one supporting hyperplane H (affine
here) for any point x of its boundary. If the convex body K be star-shaped with respect
to origin in [J" and the boundary of K is continuous in the sense that the Minkowski
functional of K defined by HxHK =min {aZO:xeaK } 1s a continuous function on [1”
, then the Minkowski functional is a homogeneous function of degree 1 on [1" is strictly
positive outside of the origin, and K = {x e[« < 1}. The radial function of a star body
K 1is defined by r K(x)=Hx‘;, xel". If xeS"", then r,(x) is the radius of K in the
direction of x, i.e., the distance from the origin to the boundary of K in the direction of x.

Lemma 1: [9] Let K be an origin-symmetric star body in [1 “. Then, for 0 < p < n, the function
HxHZ is locally integrable on [J ". Also, if f* is a bounded integrable function on [1", then the
function HxHZ f(.) is integrable on []".

In this way, for x € §"" can be defined the parallel section function of K in the direction
(KN {xL + X }) where {xL +tx} is the
hyperplane perpendicular to x at distance ¢ from the origin and can be stated as the following:
A, (0= [ c(|x,)dx which c(|x|,) is the indicator function of the body K. For £=0,
writing the >fﬁtegral in the right-hand side of the function A4, (¢) in the polar coordinates of

of x as a function on [J given by A4, (¢)=vol

n-1
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the hyperplane (x,x)=0, result in the polar formula for the volume of central hyperplane

sections

4,0 =vol (KNx")= [ c(x|)dx= [ (] r>c(rlal, }r)da

(xx )=t st

—n+1dq ( 1 )

K

- | (joqlkrn-zazr)dqz 1 [ o

et n— 1 St

%)

- 11 [ r"@)dg
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If f be an integrable function on [J ", which is also integrable on every hyperplane, then the
Radon transform of the function f is defined as a function of (x;#), Rf (x;¢) = I f (x)dx,

(xx )=t
x € S"", tell . Using (1), one can express the volume of central hyperplane sections in terms
of the spherical Radon transform:

;<n+l )(X ) (2)

A (0 =vol, (K Nx ) =—L-9i(}

for every origin-symmetric star body K in 0" and every x € S""'. Furthermore, for (n—1)
-dimensional linear subspaces of [1 ”, instead of x *, the spherical Radon transform is self-dual,
means that for any function f,g e C(S"");

[ RF0OgM)dx = [ f(x)Rg(x)dx 3)
N g
There is a well-known connection between the Radon and Fourier transform:

Lemma 2: [9] For a fixed x, the Fourier transform of the function g(¢) =Rf (x;¢), t€l] is
equal to the function z —>fA(zx) , zell.

The Fourier transform of distributions is the main tool used the proof of Theorem 1 in the
sequel. More details about the concepts mentioned in this section can be found in the references
[10-15].

3. Application to Medical Imaging

Unfortunately, the transformations applied to medical imaging does not work well on non-
uniform networks. For this purpose, several mathematical approaches are used, most notably:

1) Sample a Fourier transform on a polar coordinate grid
2) Interpolation of the polar grid onto a standard rectangular grid

3) Using the Fourier transform in polar coordinates
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4) Localization of Radon transform
5) Nonlocalization of Radon transform
And some other methods in [4] and the references therein.

In all ways, the image is the filtered backprojection image using the projections from
some angles which are equally spaced. Checking the sequence of the resulting images shows
that the progressively improving images have more and more angular projections, until it
reaches the image uses projections from the most angles. Each projection has many individual
line integrals.

In this way, to preserve the image of its projections in such a way that its properties can

be preserved, the following theorem can be proved.

Theorem 1: As above notions, the number of times that the projections from some angles in
filtered backprojection image (which are equally spaced and has been assessed by the point
lies in quotation hyperplane in projective geometry) can be calculated by the surface area of
the convex body and (symplectic) Holmes-Thompson volume in notions of Fourier transform,
Finsler metrics and Minkowski spaces.

Proof. Using of Lemma 1, Lemma 2 and self-duality of spherical Radon-transform,
relation (3), it can be achieved the connection between the volume of sections of symmetric
star bodies and the Fourier transform:

If f be an even homogeneous function of degree —n+1 on [J " and continuous on the
sphere S"', then the Fourier transform of 1" is even homogeneous of degree —1 and continuous
on [ "\ {0} function such that, for every x € S"", ®fx)= [ s(@)dq =;( Fx)).

st

Inthisway,and byrelation(2),itcanbe concludedthatif K isanorigin-symmetric starbodyin[] "
,thenthe Fourier transform ofthe function HH;{H 1shomogeneousofdegree —1 functionon[J " and

) -

continuous on [1 "\ {0} such that, for every x € $"", 4, (0)=vol_ (K Nx") 2;(11 ~1)(F (|

If (V,f) is an n-dimensional Minkowski space and N V' is an immersed submanifold
of dimension k, 1<k <n, then the formula for the Holmes-Thompson £ -area of N will be

vol (N) = el(ff ), where e, denotes the volume of the Euclidean unit ball of dimension £,

k
frav)= [ KAaxyaavff,, S isany closed hypersurface in "\ {0}
(X AvnX )ES™

k that is star-shaped with respect to the origin and f, = —%(2p )Y (fdx, A...Andx )|l 1sthe

VoA {0} contraction of standard (distributional) Fourier transform of f with the Euler vector
field X, (x)=x in V",
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In effect, there exists a smooth, translation-invariant, and possibly signed measure ©, , on
the manifold H _, of (n—k)-flats of V' such that if NV is an immersed k-dimensional
submanifold. Then

1
vol, (N)=—( [ #HNO)D,)  [14-15] (&)

k | EHVHI«

where e, is the volume of the Euclidean unit ball of dimension & .

Eventually, for a projective Finsler metric j on an open convex domain D cllP" and a
natural number k, 1<k <n-1, equation (4) is satisfied with D instead of (V,

), that means

Vol (NY=—( [ #NNH®, )

k Xe€H, (D)

In this way, geometric modeling of medical imaging result in the following correspondence:

the projections from some angles which are equally spaced <> point lies in quotation
hyperplane

the number of times that the projections from some angles which are equally spaced <
surface area of convex body and (symplectic) Holmes-Thompson volume in notions of Fourier
transform, Finsler metrics and Minkowski spaces

low image correctness <> minimality of the volume in corresponding notions of geometry

In connection with the third correspondence, this should be explained that as the proof of
Theorem 1, formula (4) for the Holmes-Thompson volume implies that the tangent spaces of

a projective Finsler metric are hypermetric if and only if the measures @ ,, k=1,...,n, are

ko
projective. Then, just like in the case of the standard Riemannian metric on [J P", projective

subspaces are area-minimizing.
4. Conclusion

In this paper, a new geometric approach was presented to calculate the number of times
that the projections from some angles in filtered backprojection image which are equally spaced
using of the surface area of the convex body and (symplectic) Holmes-Thompson volume. In
fact, the calculations were made in terms of the volume of the Holmes-Thomson (as the bridge
between Finsler geometry, integral geometry, and symplectic geometry). The projections from
some angles which are equally spaced, the number of times that the projections from some
angles which are equally spaced, and the low image correctness was corresponded to the notions
of Finsler geometry. In this way, the proposed geometric approach can provide an appropriate
answer to some medical imaging issues in optimum filtered backprojection images.
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